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Abstract
We deﬁne the mobility of a graph automorphism as the minimum distance between a vertex of the graph and its image under
the automorphism, and the absolute mobility of a graph as the maximum of the mobilities of its automorphisms. In this paper, we
investigate the mobility of certain classes of graphs, in particular, Cartesian and lexicographic products, vertex-transitive graphs,
and Cayley graphs.
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1. Introduction
In 1979, Nowakowski and Rival [12] characterized reﬂexive graphs (that is, graphs with a loop at every vertex) with
the property that every endomorphism of the graph (that is, homomorphism of the graph into itself) ﬁxes an edge.While
they also observed that there are no reﬂexive graphs with the property that every endomorphism ﬁxes a vertex, in 2001,
Nowakowski [11] asked if it might be possible to characterize non-reﬂexive graphs with this property. Subsequently,
Nowakowski and Šajna limited the question to graph automorphisms and deﬁned the following terms.
Deﬁnition 1. Let X be a graph and  ∈ Aut(X). The mobility of the automorphism , denoted by mob(), is deﬁned to
be min{dX(x, (x)) : x ∈ V (X)}, where dX(x, y) (or simply d(x, y)) denotes the distance between vertices x and y in
X. The absolute mobility of the graph X, denoted by am(X), is deﬁned to be max{mob() :  ∈ Aut(X)}. The relative
mobility of a connected graph X is deﬁned as rm(X) = am(X)/diam(X), where diam(X) is the diameter of X.
We remark that all graphs in this paper are assumed to be ﬁnite and simple. Unless otherwise speciﬁed, we shall use
standard notation and terminology from [3] for graphs, and from [4] for permutation groups.
It is easy to see that relative mobility of any connected graph lies in the interval [0, 1]. More precisely, it is bounded
above by rad(X)/diam(X), where rad(X) = min{ecc(v) : v ∈ V (X)} is the radius of X and ecc(v) = max{dX(v, x) :
x ∈ V (X)} is the eccentricity of the vertex v. This bound is sharp, that is, there are graphs with absolute mobility equal
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Fig. 1. A family of regular graphs with mobility 0.
to their radius. The following lemma gives a better upper bound for graphs that are connected but not 2-connected.
Recall that the centre of a connected graph is the set of all vertices x with ecc(x) = rad(X), and a block is a maximal
connected subgraph without a cut-vertex.
Lemma 2. The centre of a connected graph X is contained in a block B and am(X)am(X[B])rad(X[B]).
In particular, if the centre of X comprises a single vertex, then am(X) = 0.
Proof. The statement of the lemma is trivial for 2-connected graphs, so we may assume that X is not 2-connected.
Since every automorphism of a graph ﬁxes its centre setwise, it sufﬁces to show that the centre of a graph lies in a
block.
Suppose x, y ∈ V (X) are two vertices in the centre of X that lie in distinct blocks Bx and By , respectively. Since x
and y lie in the centre, we have ecc(x)= rad(X)= ecc(y), and since they lie in distinct blocks, there exists a cut-vertex
c on an isometric x − y path P that is distinct from both x and y (otherwise, say if c = x, then x lies in By). We will
show that ecc(c)< rad(X), contradicting the deﬁnition of the radius. Note that every path between a vertex in Bx and
a vertex in By must contain the cut-vertex c since X[Bx ∪ By] is not 2-connected.
Take anyw ∈ V (X),w = c. Ifw ∈ Bx , thend(w, c)< d(w, y) rad(X). Similarly, ifw ∈ By , thend(w, c)<d(w, x)
rad(X). If w /∈Bx ∪By , however, then either an isometric w−x path or an isometric w−y path must pass through c
since otherwise c would lie on a cycle. Hence either d(w, c)< d(w, x)rad(X) or d(w, c)< d(w, y)rad(X). Thus
for any vertex w ∈ V (X), we have d(w, c)< rad(X), whence ecc(c)< rad(X), a contradiction. We conclude that the
centre of X is contained in a block B and therefore am(X)am(X[B])rad(X[B]). 
Nowakowski and Šajna asked whether it might be possible to characterize graphs with a given relative mobility,
especially those with relative mobility 0 or 1. Observe that a graph has relative mobility 0 if and only if each of its
automorphisms ﬁxes a vertex, and has relative mobility 1 if and only if it has an automorphism that maps every vertex
to a vertex at diameter distance. Clearly, the latter property requires a certain degree of symmetry in the graph.We shall
brieﬂy discuss graphs of relative mobility 0 and 1 in the next two sections.
2. Graphs of relative mobility 0
It is easy to ﬁnd graphs, even regular graphs, with relative mobility 0. Fig. 1 shows the ﬁrst three members of a family
of regular graphs of mobility 0 comprising one graph for every degree d3. Note that the centre of each graph in this
family consists of a single vertex.We have also found a regular graph with mobility 0 in which no vertex is ﬁxed by all
automorphisms (Fig. 2). This example can be easily generalized to yield an inﬁnite family of such graphs. However,
as we shall see in Section 5, there are no vertex-transitive graphs of relative mobility 0.
3. Graphs of relative mobility 1
Examples of graphs with relative mobility 1 include complete graphs, complete graphs minus a 1-factor, complete
bipartite and complete multipartite graphs, cycles, and circulant graphs. If a graph X has relative mobility 1, then each
vertex must be at diameter distance from another vertex in the graph. Hence the eccentricity of each vertex must be the
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Fig. 2. A regular graph of mobility 0 without a vertex ﬁxed by all automorphisms.
same, that is, equal to rad(X) = diam(X), and so every vertex lies in the centre (such graphs are called self-centred).
Note that this implies 2-connectivity since a cut-vertex cannot be the end-vertex of an isometric path of diameter length.
Graphs with relative mobility 1 were called diametrically automorphic by de Ridder and Bodlaender [2]. The two
authors proved the following theorem on the structure of graphs with given absolute mobility. Recall that a chord of a
cycle C in a graph X is an edge of X with both endpoints on C that does not itself lie on C. A cycle is called chordless
if it has no chords, and a graph is called chordal if every cycle of length greater than 3 has a chord.
Theorem 3 (de Ridder and Bodlaender [2]). Let X be a graph with diameter d and  ∈ Aut(X)with mob()=k. Then
for any vertex v ∈ V (X), there exists a chordless cycle of length at least 2k that contains both v and (v). Furthermore,
if mob() = d, then there exists such a cycle of length 2d or 2d + 1.
As a corollary, they observed that the absolute mobility of a chordal graph is at most 1, and gave the following upper
bounds for the number of edges of a graph with relative mobility 1. The lower bound is due to Buckley [1] and holds
for all self-centred graphs.
Theorem 4 (Buckley [1] and de Riddler and Bodlaender [2]). If n, e, and d2 are the number of vertices, number of
edges, and the diameter, respectively, of a graph with relative mobility 1, then
dn − 2d − 1
d − 1 e
{ 1
2n(n − 2) if d = 2,
1
4n(n − 2d + 4) if d3.
In the remainder of their paper, de Ridder and Bodlaender [2] focus on computational aspects of graphs with relative
mobility 1, proving, in particular, that the recognition problem for graphs with relative mobility 1 is NP-complete.
This suggests that complete classiﬁcation of graphswith given absolute or relativemobility is a very difﬁcult problem,
whence we now turn to investigating mobility of certain classes of graphs.
4. Mobility of the Cartesian product of graphs
TheCartesian productX1X2 of graphsX1 andX2 is the graphwith vertex setV (X1)×V (X2), and vertices (x1, x2)
and (y1, y2) adjacent if either x1y1 ∈ E(X1) and x2 = y2, or x2y2 ∈ E(X2) and x1 = y1. This product is associative
up to isomorphism [7, Proposition 1.36]. The product graph X = X1 . . .Xk is connected if and only if each factor
Xi is connected [7, Proposition 1.34], and the distance between two vertices x = (x1, . . . , xk) and y = (y1, . . . , yk) in
X is given by dX(x, y) =∑ki=1dXi (xi, yi) [7, Lemma 1.37]. The following is an easy corollary.
Lemma 5. The diameter of the Cartesian product X1 . . .Xk is
∑k
i=1diam(Xi).
A graph X is called prime with respect to the Cartesian product if the identity X = X1X2 implies that X1 or X2 is
isomorphic to K1. Every graph has a prime factor decomposition with respect to the Cartesian product [7, Proposition
4.1], and this decomposition is unique for connected graphs [7, Theorem 4.9]. Graphs X1 and X2 are relatively prime
with respect to the Cartesian product if they have no non-trivial common factors. The following theorem [7] describes
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the automorphisms of the Cartesian product of relatively prime graphs and will be the essential tool for establishing
the mobility of a product graph.
Theorem 6 (Imrich and Klavžar [7, Corollary 4.17]). Let X be the Cartesian product of connected, pairwise relatively
prime graphs X1, . . . , Xk . Then  : V (X) → V (X) is an automorphism of X if and only if there exist i ∈ Aut(Xi),
i = 1, 2, . . . , k, such that
(x) = (1(x1), . . . ,k(xk))
for all x = (x1, . . . , xk) ∈ V (X). Thus Aut(X1 . . .Xk) is isomorphic to Aut(X1) × · · · × Aut(Xk) acting on
V (X1) × · · · × V (Xk) in a natural way.
Theorem 7. If X1, X2, . . . , Xk are connected, pairwise relatively prime graphs, then
am(X1 . . .Xk) =
k∑
i=1
am(Xi).
Proof. Let be any automorphism ofX=X1 . . .Xk . Then byTheorem 6, there existi ∈ Aut(Xi), i=1, 2, . . . , k,
such that  = (1, . . . ,k). For each i = 1, 2, . . . , k, there exists xi ∈ V (Xi) such that dXi (xi,i (xi)) = mob(i ).
Let x = (x1, . . . , xk) ∈ V (X). We thus have
mob()dX(x,(x)) =
k∑
i=1
dXi (xi,i (xi)) =
k∑
i=1
mob(i )
k∑
i=1
am(Xi)
and therefore am(X)
∑k
i=1am(Xi).
Conversely, for every i = 1, 2, . . . , k, there exists i ∈ Aut(Xi) with mob(i ) = am(Xi). By Theorem 6,  =
(1, . . . ,k) is an automorphism of X = X1 . . .Xk and we can see that
dX(x,(x)) =
k∑
i=1
dXi (xi,i (xi))
k∑
i=1
mob(i ) =
k∑
i=1
am(Xi)
for all x = (x1, . . . , xk) ∈ V (X). Hence am(X)mob()∑ki=1am(Xi).
We conclude that am(X) =∑ki=1am(Xi). 
5. Mobility of vertex-transitive graphs
A permutation group G acting on a set  is said to be transitive if for all points x, y ∈  there exists a permutation
g ∈ G such that g(x) = y, and regular if it is transitive and the stabilizer Gx = {g ∈ G : g(x) = x} of every vertex
x ∈  is the trivial subgroup of G.
A graph is said to be vertex-transitive if its automorphism group acts transitively on the vertex set. A Cayley graph
X =Cay(G; S) on a group G and with connection set S ⊆ G− {1}, S = S−1, is a graph with vertex set G and vertices
g, h ∈ G adjacent if and only if h−1g ∈ S. For each a ∈ G, left multiplication by a in G is denoted by aˆ; that is,
aˆ : G → G acts as aˆ(g) = ag. Recall that Gˆ = {aˆ : a ∈ G} is the so-called left-regular representation of G in Aut(X).
Sabidussi [13] has shown that a graph is Cayley on a group G if and only if its automorphism group has a subgroup
isomorphic to G which acts regularly on the vertex set.
Aswe shall see in this section, Cartesian products of vertex-transitive graphs, necessarily vertex-transitive themselves,
are quite useful for constructing vertex-transitive graphs of prescribed mobility. But ﬁrst we show that the mobility of
a vertex-transitive graph cannot be 0.
Lemma 8. If X is a connected vertex-transitive graph, then 0< rm(X)1.
Proof. The upper bound is obvious. Let G = Aut(X). For g ∈ G, let ﬁx(g) denote the set of vertices ﬁxed pointwise
by g. By “Burnside’s Lemma” [4, Theorem 1.7A], the average number of vertices ﬁxed by an element of G (that is,
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1
|G|
∑
g∈G|ﬁx(g)|) equals the number of orbits of G. In this case, since G is transitive on V (X), an automorphism of X
ﬁxes one vertex on average, and since the identity ﬁxes |V (X)| vertices, X has at least |V (X)| − 1 automorphisms that
ﬁx no vertex. Hence rm(X)> 0. 
This lemma prompts the following questions. How small can the relative mobility of a vertex-transitive graph be?
Does there exist a vertex-transitive graph of relative mobility q for every rational number q with 0<q1? We shall
answer these questions in the remainder of this section (see Theorem 17). In the next few lemmas we shall prepare the
tools, but ﬁrst we invite the reader to show that the relative mobility of the Petersen graph is 12 .
Lemma 9. Let  be a permutation on a set , where || = n. For any n there exists an -element subset A of 
such that |A ∩ (A)| − 1.
Proof. Let O1,O2, . . . ,Oi be orbits of 〈〉 such that |O1 ∪ · · · ∪ Oi−1|< |O1 ∪ · · · ∪ Oi |. Deﬁne A as O1 ∪ · · · ∪
Oi−1 ∪ {x,(x),2(x), . . . ,m−1(x)}, where x ∈ Oi and m= − |O1 ∪ · · · ∪Oi−1|. It is then easy to see that |A| = 
and |A ∩ (A)| − 1. 
Let n, k, and i be integers with 0 ikn. Recall [6] that the graph J (n, k, i) is deﬁned as follows. Its vertices are the
k-element subsets of Zn, and two vertices are adjacent if and only if their intersection as k-subsets has size i. The graphs
J (n, k, 0) with 2k <n, also denoted by K(n, k), are better known as Kneser graphs, and the graphs J (n, k, k − 1) are
called Johnson graphs. It is well known that the automorphism groups of the Johnson graph J (n, k, k − 1) and Kneser
graph K(n, k) are permutation-isomorphic to the symmetric group Sn acting on k-element subsets of an n-element set
[5,9].
Lemma 10. The diameter of a Kneser graph K(2k + 1, k) with k1 is k.
Proof. Let X be the Kneser graph K(2k + 1, k). Since Aut(X) is permutation-isomorphic to the symmetric group
S2k+1 acting on k-element subsets of a (2k + 1)-element set, the distance between any two vertices of X depends only
on the size of their intersection as k-element subsets of Z2k+1. Let di be the distance between any two vertices with
intersection of size i. We already know that d0 = 1 and dk = 0; we shall now ﬁnd di for each i = 1, . . . , k − 1.
Let u and v be any two vertices with intersection of size i, where 0 ik − 1. Observe that for any neighbour w of
u, the size of the intersection w ∩ v is either k − i or k − i − 1. Hence for any i = 0, 1, . . . , k − 1 we have
di = min{dk−i , dk−i−1} + 1. (1)
If i ∈ {1, . . . , k − 1}, we may apply (1) to dk−i and dk−i−1 to obtain
di = min{di−1, di+1} + 2. (2)
Using (2) we can now prove that for any i ∈ {1, . . . , k − 1} and any positive integer t the implication
Ii(t) : t min{i, k − i} ⇒ di = min{di−t , di−t+1, . . . , di+t−1, di+t } + 2t
holds. Note that Ii(1) is an immediate consequence of (2). Suppose now that Ii(t) holds for some positive integer t. We
shall prove that Ii(t + 1) then holds as well. If t + 1>min{i, k − i}, then the implication Ii(t + 1) holds trivially. So
we may assume that t + 1 min{i, k− i}. In this case Ii(t) implies that di =min{di−t , di−t+1, . . . , di+t−1, di+t }+ 2t .
For any integer j, i − tj i + t , we have j ∈ {1, . . . , k − 1}, so we may apply (2) to each dj to obtain
di = min{di−t−1 + 2, di−t + 2, . . . , di+t + 2, di+t+1 + 2} + 2t .
Thus, Ii(t + 1) holds and we conclude that Ii(t) holds for all positive integers t.
Let i be a positive integer. If ik/2, then Ii(i) implies that di=min{d0, d1, . . . , d2i}+2i, and since d0=0, this shows
that di=2ik. On the other hand, if i > k/2, then Ii(k−i) implies that di=min{d2i−k, d2i−k+1, . . . , dk−1, dk}+2k−2i.
Since dk = 1 is the minimum of the above set, we have di = 2k − 2i + 1k. We conclude that diam(X) = max{di :
i = 1, . . . , k − 1} = k. 
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Lemma 11. The absolute mobility of a Kneser graph X = K(2k + r, k) with k, r1 is either 1 or 2. Moreover, if
kr + 2, then am(X) = 2.
Proof. Let X be a Kneser graph K(2k + r, k) with k, r1. Then am(X)> 0 as X is vertex-transitive. Take any
 ∈ Aut(X) with mob()> 0 and recall that it is induced by some permutation in SZ2k+r . By Lemma 9, there exists a
vertex v of X such that |v ∩ (v)|k − 1. In fact, as mob()> 0, we have |v ∩ (v)| = k − 1. But then, since r1, v
and (v) are both adjacent to a vertex in Z2k+r − (v ∪ (v)) so that dX(v,(v)) = 2. Hence am(X)2.
Now assume kr + 2. Let  ∈ SZ2k+r be deﬁned as = (0)(1) . . . (k − 2)(k − 1, k, . . . , 2k + r − 1). Then for any
k-element subset A of Z2k+r we have A ∩ (A) = ∅ as the length of the large orbit is less than 2k, and A = (A) as
no union of orbits has size k. Hence  induces an automorphism of X that maps every vertex to a vertex at distance at
least 2. From the ﬁrst paragraph it then follows that am(X) = 2. 
Theorem 12 (Godsil [5]). The Kneser graph K(n, k) (and hence the Johnson graph J (n, k, k − 1)) with n> 2k is a
Cayley graph if and only if
(1) k = 2, n is a prime power and n ≡ 3(mod 4); or
(2) k = 3, and n = 8 or n = 32.
The answer to our ﬁrst question now follows easily.
Corollary 13. For any ε > 0 there exists a vertex transitive non-Cayley graph with relative mobility less than ε.
Proof. By Lemmas 10 and 11, the relative mobility of a Kneser graph K(2k + 1, k) for any k3 is 2/k. These graphs
are clearly vertex-transitive, and by Theorem 12, they are non-Cayley. 
Next we develop the tools necessary to answer the second question.
Lemma 14. The Kneser graphs K(2k + 1, k) for k2 are prime graphs with respect to the Cartesian product.
Proof. LetX=K(2k+1, k) for k2. SupposeX=X1X2 for some graphsX1 andX2. Since X is connected, neither
X1 nor X2 is edgeless and hence X contains a 4-cycle. We show that this is impossible.
Let u and v be two vertices in X at distance 2. Then 1 |u ∩ v|k − 1 and so |Z2k+1 − (u ∪ v)|k. That means
that there is at most one vertex adjacent to both u and v so the two vertices cannot lie in a 4-cycle. Hence X must be
prime. 
Lemma 15. The diameter of the Johnson graph J (n, k, k − 1) with n2k is k and its absolute mobility is 1.
Proof. It is easy to see that two vertices in X = J (n, k, k − 1) are at distance d if and only if their intersection
(as k-subsets of Zn) has size k − d . Hence diam(X) = k.
Since the automorphism group of J (n, k, k − 1) is permutation-isomorphic to Sn acting on k-element subsets of an
n-element set, by Lemma 9, mob()1 for all  ∈ Sn. If  is an automorphism of X induced by a cycle of length n in
Sn, then mob() = 1. Hence am(X) = 1. 
We now have all the building blocks for constructing vertex-transitive graphs of speciﬁed diameter and absolute
mobility. To prove that they are non-Cayley, we shall use Theorem 12 and the following lemma, which is a partial
converse to the well-known result that the Cartesian product of two Cayley graphs is Cayley. Surprisingly, we have not
been able to ﬁnd the converse in the literature.
Lemma 16. Let X and Y be vertex-transitive graphs that are relatively prime with respect to the Cartesian product.
If XY is a Cayley graph, then both X and Y are Cayley.
Proof. ByTheorem 6, since X andY are relatively prime with respect to the Cartesian product, the automorphism group
G ofXY is isomorphic to Aut(X)×Aut(Y ). Let H be a subgroup of G acting regularly on V (XY )=V (X)×V (Y ).
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Then for each b ∈ V (Y ), the X-layer V (X)×{b}= {(x, b) : x ∈ V (X)} is a block of imprimitivity for G, and therefore
for H. Let HV (X)×{b} denote the setwise stabilizer of the X-layer V (X) × {b} in H. Then, since H is transitive on
V (X)× V (Y ), we have that HV (X)×{b} is transitive on V (X)× {b}. Since the stabilizer of any point in H is trivial, the
same is true of HV (X)×{b}, whence HV (X)×{b} is regular on V (X) × {b}. It follows that (XY )[V (X) × {b}]X is
Cayley. By commutativity of the Cartesian product, Y is Cayley as well. 
Theorem 17. There exists a vertex-transitive non-Cayley graph of absolute mobility m and diameter d, and hence of
relative mobility m
d
, for all integers m and d with 1md except for m = d ∈ {1, 2, 3}.
Proof. We construct a vertex-transitive graph X of absolute mobility m and diameter d as follows. First, we assume
m<d.
If m = 1<d, let X = J (n, d, d − 1) for some n2d4. Then X has diameter d and absolute mobility m = 1 by
Lemma 15. Furthermore, if n is not a prime power, then by Theorem 12 the Johnson graph will be non-Cayley.
If m= 2<d, let X =K(2d + 1, d). Then X has diameter d and absolute mobility m= 2 by Lemmas 10 and 11, and
is non-Cayley by Theorem 12.
Now assume 3m<d, and let =m− 2 and k = d − . Deﬁne X =K(2k + 1, k)C2+1. Since k3, the Kneser
graph K(2k + 1, k) has diameter k and absolute mobility 2 by Lemmas 10 and 11, while the odd cycle C2+1 has both
the diameter and absolute mobility equal to . Hence X has diameter k + = d, and since the Kneser graph is prime by
Lemma 14, the absolute mobility of X is equal to 2+=m by Theorem 7. Furthermore, the graph X is vertex-transitive
by Theorem 6, and non-Cayley by Theorem 12 and Lemma 16.
We now consider the case m = d . It is not difﬁcult to see that the generalized Petersen graph X = GP(13, 5) with
V (X) = Z13 × Z2 and E(X) = {{(i, 0), (i + 1, 0)}, {(i, 1), (i + 5, 1)}, {(i, 0), (i, 1)} : i ∈ Z13} has both diameter and
absolute mobility equal to 4. As 52 ≡ −1(mod 13), this graph is vertex-transitive non-Cayley by [10].
To obtain a graph of diameter and absolute mobility 5, let X be the canonical double cover of the Petersen graph P.
That is, V (X)=V (P )×Z2 andE(X)={{(x, 0), (y, 1)}, {(x, 1), (y, 0)} : xy ∈ E(P )}. The graph X is vertex-transitive
with Aut(X)S5 × S2. It is not difﬁcult to see that diam(X) = 5. Its absolute mobility must then be 5 as well, since
the automorphism that swaps the two layers V (P )× {0} and V (P )× {1} maps every vertex to a corresponding vertex
in the other layer, which is at distance 5. The graph is non-Cayley as its automorphism group has no subgroup of
order 20 acting transitively on V (X). In addition, X is prime with respect to the Cartesian product since it contains
no 4-cycles.
For 6m = d we construct a vertex-transitive non-Cayley graph X of diameter and absolute mobility m by taking
the Cartesian product of the canonical double cover of the Petersen graph with the odd cycle C2m−9. By Lemmas 5
and 7, its diameter and absolute mobility will be equal to m, and by Lemma 16, it will be non-Cayley. 
We remark that, of course, a graph with diameter 1 is necessarily complete and therefore Cayley with abso-
lute mobility 1. Examples of Cayley graphs of relative mobility 1 and diameter equal to 2 and 3 are C4 (and also
Payley graphs) and C6, respectively. However, we do not know of any vertex-transitive non-Cayley graphs with this
property.
6. Mobility of the lexicographic product of graphs
In this section,we turn our attention to lexicographic products of graphs,whichwill prove a useful tool for constructing
Cayley graphs of desired relative mobility.
The lexicographic product X ◦ Y of graphs X and Y is deﬁned on V (X ◦ Y ) = V (X) × V (Y ) with vertices (x1, y1)
and (x2, y2) adjacent if either x1 = x2 and y1y2 ∈ E(Y ), or x1x2 ∈ E(X). Note that X ◦ Y is connected if and only if
X is connected. The following is an easy observation.
Lemma 18. Let (x1, y1) and (x2, y2) be two vertices in X ◦ Y , where X is connected. Then
dX◦Y ((x1, y1), (x2, y2)) =
{
dX(x1, x2) if x1 = x2,
min{2, dY (y1, y2)} if x1 = x2.
Consequently, unless X and Y are both complete, we have diam(X ◦ Y ) = max{diam(X), 2}.
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Let G and H be permutation groups acting on sets A = {a1, a2, . . . , an} and B, respectively. Recall that the wreath
product G ◦ H of G and H is the permutation group with elements (g, ha1 , ha2 , . . . , han) ∈ G × Hn acting on A × B
as
(g, ha1 , ha2 , . . . , han)(ai, b) = (g(ai), hg(ai )(b)).
It is easy to see that for any graphs X and Y, the inclusion Aut(X ◦ Y )Aut(X) ◦ Aut(Y ) holds.
The following theorem, an immediate corollary of [7, Theorem 6.13], which is due to Sabidussi, gives a sufﬁcient
condition for equality to hold. Note that a set of vertices A ⊆ V (X) in a graph X is said to be externally related if for
all x, y ∈ A we have N(x)∩ (V (X)−A)=N(y)∩ (V (X)−A), where N(x) denotes the set of neighbours of a vertex
x in X.
Theorem 19 (Imrich and Klavžar [7, Theorem 6.13]). If X and Y are graphs such that X has no externally related set
of two vertices, then Aut(X ◦ Y ) = Aut(X) ◦ Aut(Y ).
Our next theorem shows that under the conditions of Theorem 19, the absolute mobility of a lexicographic product
can be determined precisely.
Theorem 20. For any graphs X andY, where X is connected, we have am(X ◦ Y )am(X). If Aut(X ◦ Y )=Aut(X) ◦
Aut(Y ), then
am(X ◦ Y ) =
{
min{2, am(Y )} if am(X)1am(Y ),
am(X) otherwise.
Proof. Let V (X) = {x1, x2, . . . , xn} and let  ∈ Aut(X) be such that mob() = am(X). Then for all xi ∈ V (X),
y ∈ V (Y ), we have
dX◦Y ((xi, y), (, 1, 1, . . . , 1)(xi, y)) = dX◦Y ((xi, y), ((xi), y))
= dX(xi,(xi))mob()
so mob(, 1, 1, . . . , 1)mob() and am(X ◦ Y )am(X).
Now assume that Aut(X1 ◦ X2) = Aut(X1) ◦ Aut(X2). It sufﬁces to show that am(X ◦ Y ) = min{2, am(Y )} if
am(X)1am(Y ), and am(X ◦ Y )am(X) in all other cases. Take any  = (, x1 , x2 , . . . , xn) ∈ Aut(X ◦ Y ),
where  ∈ Aut(X) and x1 , x2 , . . . , xn ∈ Aut(Y ) for i = 1, 2, . . . , n. For all xi ∈ V (X) and y ∈ V (Y ) we have
dX◦Y ((xi, y),(xi, y)) = dX◦Y ((xi, y), ((xi), (xi )(y)))
=
{
dX(xi,(xi)) if (xi) = xi,
min{2, dY (y, (xi )(y))} if (xi) = xi.
It follows that
mob() = min
(xi ,y)∈V (X◦Y )
({dX(xi,(xi)) : (xi) = xi} ∪ {min{2, dY (y, (xi )(y))} : (xi) = xi})
= min
⎧⎨
⎩ minxi∈V (X)
(xi )=xi
dX(xi,(xi)), min
xi∈V (X)
(xi )=xi
{2, min
y∈V (Y ) dY (y, (xi )(y))}
⎫⎬
⎭
= min
⎧⎨
⎩ minxi∈V (X)
(xi )=xi
dX(xi,(xi)), min
xi∈V (X)
(xi )=xi
{2,mob((xi ))}
⎫⎬
⎭ , (3)
whence
mob() = mob() if mob()> 0,
and
mob() min{2, am(Y )} if mob() = 0. (4)
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Therefore,
am(X ◦ Y ) max {am(X),min{2, am(Y )}} . (5)
It is now immediate that am(X ◦ Y )am(X) if am(X)2.
Hence assume that am(X)1. If am(Y )= 0, then for any = (, x1 , x2 , . . . , xn) ∈ Aut(X ◦ Y ), observation (4)
shows thatmob()=mob() ifmob()> 0, andmob() min{2, am(Y )}=0 ifmob()=0.Hencemob()=mob()
in any case, and am(X ◦ Y )am(X).
Finally, assume am(X)1 with am(Y )1. Then am(X ◦ Y ) min{2, am(Y )} by (5). Let  = (1, , , . . . , ) ∈
Aut(X ◦ Y ), where  ∈ Aut(Y ) such that mob() = am(Y ). From (3) we then obtain mob() = min{2,mob()} =
min{2, am(Y )}, whence am(X ◦ Y ) min{2, am(Y )}. Therefore, am(X ◦ Y ) = min{2, am(Y )} as claimed. 
7. Mobility of Cayley graphs
To construct Cayley graphs of desired relative mobility, we shall again use Kneser graphs and Cartesian products,
as well as lexicographic products. In order to use Theorem 20, we ﬁrst need to convince ourselves that its conditions
are satisﬁed for the graphs we use as building blocks. Recall that a set A ⊆ V (X) in a graph X is said to be externally
related if for all x, y ∈ A we have N(x) ∩ (V (X) − A) = N(y) ∩ (V (X) − A).
Lemma 21. Let X = K(n, k) with n2k + 13. Then X has no externally related set of size two.
Proof. Take any x, y ∈ V (X), x = y. We show {x, y} cannot be externally related. Let  = |x ∩ y|, where x and y are
now viewed as k-subsets of Zn, so that |x ∪ y| = 2k − . Hence there exists a ⊆ Zn − (x ∪ y) such that |a| = . Let
b = a ∪ (x − y). Then |b| = k and b ∩ y = ∅ while b ∩ x = ∅; that is, b is adjacent to y but not to x in X. Therefore,
{x, y} is not externally related. 
Lemma 22. If neither X1 nor X2 has an externally related set of size two, then X1X2 has no externally related set
of size two.
Proof. Assume that neither X1 nor X2 has an externally related set of two vertices and suppose that {(x1, x2), (y1, y2)}
is an externally related set of size 2 in X1X2. Without loss of generality, we may assume x1 = y1. Since X1 has no
externally related set of size two, there existsw1 ∈ V (X1)−{x1, y1} such thatw1x1 ∈ E(X1) butw1y1 /∈E(X1). Then
(w1, x2) is adjacent to (x1, x2) in X1X2 but non-adjacent to (y1, y2), contradicting the choice of {(x1, x2), (y1, y2)}.
Hence X1X2 has no externally related set of size two. 
The following classical result by Sabidussi allows us to construct Cayley graphs from vertex-transitive graphs via
lexicographic products. Our next theorem then shows how to achieve the desired relative mobility.
Theorem 23 (Sabidussi [14]). Let X be a connected vertex-transitive graph and G a vertex-transitive subgroup of
Aut(X). Then there exists a positive integer t such that X ◦ K¯t is a Cayley graph on G.
Theorem 24. There exists a Cayley graph of absolute mobility m and diameter d, and hence of relative mobility m
d
,
for all integers m and d with 1md except for 1 = m<d.
Proof. We construct a Cayley graph X of diameter d and absolute mobility m as follows.
For 1m = d, let X = C2m+1.
For 2=m<d, letX=K(2d +1, d)◦ K¯t , where the integer t is chosen so that X is a Cayley graph (see Theorem 23).
As K(2d + 1, d) has diameter d by Lemma 10, the graph X has diameter d by Lemma 18. By Lemma 21, K(2d + 1, d)
has no externally related set of size 2, whence Aut(X) = Aut(K(2d + 1)) ◦ Aut(K¯t ) by Theorem 19. Therefore, by
Lemma 11 and Theorem 20, we have am(X) = am(K(2d + 1, d)) = 2.
For 3 = m<d, let X = Y ◦ K¯t , where Y = K(2d − 1, d − 1)K2 and the integer t is chosen so that X is a Cayley
graph (see Theorem 23). Since K(2d − 1, d − 1) is prime by Lemma 14, the absolute mobility of Y is 3 while the
diameter is d by Theorem 7, Lemma 11, and Lemma 5. It is not difﬁcult to see that, since K(2d − 1, d − 1) has no
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externally related set of size two (Lemma 21), then neither doesY. Thus Aut(X) = Aut(Y ) ◦ Aut(K¯t ) by Theorem 19,
and by Theorem 20, the absolute mobility of X is 3 while its diameter is clearly equal to d.
Finally, for 4m<d, let X = Y ◦ K¯t , where Y = K(2k + 1, k)C2+1, m = 2 + , d = k + , and the integer t is
chosen so that X is a Cayley graph (Theorem 23). In the proof of Theorem 17, we have seen that Y has diameter d and
absolute mobility m. Since neither K(2k + 1, k) (by Lemma 21) nor C2+1 has an externally related set of size 2, by
Lemma 22, the Cartesian product Y has no externally related set of size two, and thus Aut(X) = Aut(Y ) ◦ Aut(K¯t ) by
Theorem 19. It now follows from Lemmas 18 and 20 that X has diameter d and absolute mobility m. 
Observe that in the previous theorem we did not claim existence of Cayley graphs with absolute mobility 1; in fact,
explicit examples other than complete graphs seem to be difﬁcult to ﬁnd. However, the following characterization
provides plenty of candidates. Recall that a Cayley graph on a group G is called a graphical regular representation
(shortly GRR) if its automorphism group is isomorphic to G.
Lemma 25. Let X = Cay(G; S) be a graphical regular representation on a group G. Then am(X) = 1 if and only if
every non-trivial conjugacy class in G intersects the connection set S.
Proof. Since X is a GRR, for every automorphism  ∈ Aut(X) there exists a ∈ G such that = aˆ. Observe that if  is
not the identity, then dX(g, (g)) = dX(g, ag)1 for all g ∈ G, so that mob()1.
If every non-trivial conjugacy class intersects S, then for every a ∈ G−{1} there exists h ∈ G such that h−1ah ∈ S,
and therefore dX(h, aˆ(h)) = dX(h, ah) = dX(1, h−1ah) = 1. Hence mob(aˆ) = 1 and am(X) = 1.
Conversely, if am(X) = 1, then for every a ∈ G − {1} there exists h ∈ G such that dX(h, aˆ(h)) = dX(h, ah) =
dX(1, h−1ah)= 1, that is, such that h−1ah ∈ S. Thus, every non-trivial conjugacy class has a representative in S. 
The following is an example of a Cayley graph satisfying the conditions of Lemma 25 and therefore having absolute
mobility 1. If S4 denotes the symmetric group on the set {1, 2, 3, 4}, then let X = Cay(S4; S), where S = {(1, 2, 3, 4),
(4, 3, 2, 1), (1, 2, 3), (3, 2, 1), (1, 2)(3, 4), (1, 2)}. A computer-aided computation shows that there are no non-trivial
automorphisms of X ﬁxing a vertex, so X is a GRR. Since every non-trivial conjugacy class of S4 intersects S, we have
am(X) = 1. Note also that the diameter of X is 3, so that rm(X) = 13 .
We have already seen that cycles have relative mobility 1 and this is easily generalized to all circulant graphs, that
is, Cayley graphs on cyclic groups. What other groups produce Cayley graphs of relative mobility 1?
Lemma 26. Let X=Cay(G;C) be a connected Cayley graph on a group G with an element a such that the conjugacy
class of a is contained in {a, a−1}. Then am(X)dX(1, a).
Proof. If the conjugacy class of a ∈ G is contained in {a, a−1}, then for all g ∈ G,
dX(g, aˆ(g)) = dX(g, ag) = dX(1, g−1ag) = dX(1, a±1) = dX(1, a).
Therefore, am(X)mob(aˆ) = dX(1, a). 
The following is an easy corollary.
Corollary 27. Let X=Cay(G; S) be a connected Cayley graph on a group G. If there exists an element a in the centre
of the group such that dX(1, a) = diam(X), then rm(X) = 1. In particular, rm(X) = 1 if G is an abelian group.
The next lemma generalizes the result on mobility of Cayley graphs on abelian groups to the class of quasi-abelian
Cayley graphs. Recall that a Cayley graph on a group G is called quasi-abelian (sometimes called normal—see, for
example, [8]) if its connection set is closed under conjugation in G.
Lemma 28. If a connected Cayley graph X is quasi-abelian, then rm(X) = 1.
Proof. Let d be the diameter of X = Cay(G; S) and let g ∈ G be such that dX(1, g) = d. Let h be an arbitrary vertex
of X. Since X is quasi-abelian, the conjugation by h−1 is an automorphism of X, whence dX(1, h−1gh)= dX(1, g)= d.
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But then dX(h, gh)= d , showing that the automorphism gˆ : x → gx maps each vertex of X diameter away. Therefore,
mob(g) = d and am(X) = d . 
Having settled the question of mobility for abelian groups, it is natural to ask about dihedral groups. We shall use
the presentation Dn = 〈,  : n = 1 = 2, −1 = −1〉.
Proposition 29. The absolute mobility of a Cayley graph X on a dihedral group is at least diam(X) − 1.
Proof. Observe that for some k ∈ Zn, we have dX(1, k)diam(X) − 1. Indeed, the element farthest away from the
identity lies either in 〈〉 or in 〈〉, and in the latter case, since X is connected, some element of 〈〉 must be at distance
diam(X)−1 from the identity. Hence by Lemma 26, since the conjugacy class of k is contained in {k, −k}, we have
am(X)dX(1, k)diam(X) − 1. 
As the next proposition shows, Cayley graphs on a dihedral group with relative mobility strictly less than 1 do
exist. But ﬁrst we need a simple lemma. For a Cayley graph X = Cay(Dn; S) on a dihedral group Dn deﬁne sets
IS = {t ∈ Zn : t ∈ S} and JS = {t ∈ Zn : t ∈ S}.
Lemma 30. Let X = Cay(Dn; S) be connected and assume there exists a ∈ Zn such that a − JS = JS . Then X is a
Cayley graph on an abelian group and therefore rm(X) = 1.
Proof. Let a ∈ Zn be such that a − JS = JS . Deﬁne  : Dn → Dn by (t ) = a+t and (t) = t for all t ∈ Zn.
Routine calculation then shows that  is an automorphism of X since a − JS = JS . Let G=〈ˆ, 〉. As ˆ commutes with
, the group G is abelian. Moreover, as G is transitive on V (X) and abelian, the stabilizers in G of any two vertices,
necessarily conjugates in G, are in fact identical, whence G acts regularly on V (X). It follows that X is a Cayley graph
on the abelian group G and therefore rm(X) = 1 by Corollary 27. 
Proposition 31. X = Cay(D6; {, , 3}) is a smallest Cayley graph of relative mobility strictly less than 1.
Proof. By Corollary 27, we need to check only Cayley graphs on non-abelian groups of orders less than 12, that is,
the quaternion group Q and dihedral groups D3, D4, and D5.
It is easy to see that any Cayley graph on the quaternion group Q is isomorphic to a Cayley graph on the dihedral
group D4 via the isomorphism  : Q → D4 deﬁned by (it ) = t and (it j ) = t, where the quaternion group is
given by Q = 〈i, j, k : i2 = j2 = k2 = ijk = −1〉. Hence it remains to examine Cayley graphs on dihedral groups.
It is easy to check that for all n ∈ {3, 4, 5}, the condition of Lemma 30 is satisﬁed, that is, for all JS ⊆ Zn there
exists a ∈ Zn such that a − JS = JS . Indeed, since this condition holds for a set JS ⊆ Zn if and only if it holds for its
complement in Zn, we need to check only subsets of Zn of order at most 2. Hence any Cayley graph of order less than
12 has relative mobility equal to 1 by Lemma 30.
Next, we need to show that X=Cay(D6; {, , 3}) has absolute mobility strictly less than diam(X)=3. Suppose
there exists  ∈ Aut(X) of mobility 3. Then (1) ∈ {2, 4, 5}. We shall examine all possibilities.
If (1)= 2, then (N(1))=N(2), that is, ({, , 3})={, 2, 5}. Since  ∼ 5,  ∼ , and 3 ∼ 2, we
must have () =  and (3) = 5, or () = 2 and (3) = . In either case we observe that |N() ∩ N(3)| = 2
while |N(()) ∩ N((3))| = 1, a contradiction. The case (1) = 5 is handled in exactly the same way.
Finally, if (1)=4, then ({, , 3})={, 3, 4} and necessarily ()=3. If ()=, then (3)=2.We
now have |N(1)∩N(3)|=2 while |N((1))∩N((3))|=1, a contradiction. Similarly, ()=4 implies (3)=5,
which turns out to be impossible as well.
We conclude that mob()2 and hence am(X) = 2 by Proposition 29. 
8. Conclusion and open problems
We hope the reader is now convinced that graph mobility is an interesting new parameter to study. This paper, of
course, serves only as an introduction as many questions remain unanswered. We shall describe some of these open
questions below.
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First, we note that the notion of mobility can be extended from graph automorphisms to endomorphisms. Nowa-
kowski’s original problem would therefore be to classify graphs with all endomorphisms of mobility 0. Such graphs do
exist; for example, for n2, wheels W2n+1 with an odd number of spokes have the property that every endomorphism
(which is in fact an automorphism) ﬁxes a vertex.Many of the questionswe have asked aboutmobility of automorphisms
can thus be extended to endomorphisms while techniques for answering them, we suspect, would be quite different.
In the introductory section we mentioned the very general (and very difﬁcult!) problems of classifying graphs of
relative mobility 0 and 1. We have seen that a graph of relative mobility 0 can be regular but not vertex-transitive,
whence we chose not to focus on this problem in the present paper. We have constructed Cayley graphs and vertex-
transitive non-Cayley graphs (the latter are harder to ﬁnd) of relative mobility 1 but, as discussed below, we are far
from a classiﬁcation of graphs with relative mobility 1 even just for Cayley graphs.
As we have seen in Lemma 28, every quasi-abelian Cayley graph has relative mobility equal to 1. The example of
Cayley graphs on dihedral groups shows there are also Cayley graphs of relative mobility 1 which are not quasi-abelian
(see Corollary 27 and the proof of Lemma 29). Moreover, for every d4 we have found a vertex-transitive non-Cayley
graph of diameter d and relative mobility 1 (see Theorem 17). Finally, there are many graphs with relative mobility
1 which are not vertex-transitive; for example, if we take any non-vertex-transitive graph X of diameter 2 without an
externally related set of size two, then the lexicographic product Y = X ◦ K¯2 will be non-vertex-transitive of relative
mobility 1.
However, even though there seem to be plenty of graphs with relative mobility 1 (satisfying a great variety of
additional conditions), we have failed to ﬁnd any such non-Cayley vertex-transitive graphs of diameter 2 or 3. Hence,
we propose the following problem.
Question 32. Are there any vertex-transitive graphs of diameter 2 or 3 and relative mobility 1 which are not Cayley?
If we focus our attention on the diameter 2 case, a natural class of candidates would be the class of vertex-transitive
strongly regular graphs, in particular, rank-3 graphs (that is, graphs for which the stabilizer of a vertex in the auto-
morphism group has exactly three orbits). As a rank-3 graph has a large automorphism group, it seems likely it would
admit an automorphism mapping each vertex to one at diameter distance. Since the complement of a strongly regular
graph is also strongly regular, the existence of a non-Cayley vertex-transitive strongly regular graph of diameter and
absolute mobility 2 is equivalent to the existence of a non-Cayley vertex-transitive strongly regular graph admitting an
automorphism that maps each vertex to one of its neighbours (such automorphisms are also known as shifts—see [8]).
These interesting facts motivate the following question.
Question 33. Are there any vertex-transitive strongly regular graphs with relative mobility 1 which are not Cayley?
Another concrete open problem arises from the missing cases of Theorem 24.
Question 34. Does there exist a Cayley graph of absolute mobility 1 and diameter d for every integer d1?
In this article we have deﬁned the absolute mobility of a graph X as the maximum value of mob(), where  runs
through the full automorphism group Aut(X). Alternatively, the notion of absolute mobility could be deﬁned for a pair
(X,G), where X is a graph and G a subgroup of Aut(X); namely, as
am(X,G) = max{mob() :  ∈ G}.
This deﬁnition raises a number of newquestions, aswell as enables us to prove further interesting results on graphswhose
automorphism group is difﬁcult to determine. In these new terms, for example, Lemma 25 shows that am(Cay(G, S), Gˆ)
=1 if and only if S meets each non-trivial conjugacy class of G.
In connection with Cayley graphs, one can turn the attention to the group on which the Cayley graph is deﬁned, rather
than the graph itself. For example, we know that the absolute mobility of a connected Cayley graph on an arbitrary
abelian group equals its diameter, and the absolute mobility of a connected Cayley graph on a dihedral group is at
least the diameter minus 1. A natural question to ask is whether a similar result (that is, bounding the absolute mobility
below by some function of the diameter) can be obtained for any other classes of groups. It is worth mentioning that, in
this sense, the absolute mobility of connected Cayley graphs on a given group cannot be bounded above by any value
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less than the diameter itself, since for every group G one can ﬁnd a conjugacy-closed connection set S ⊆ G−{1} such
that the relative mobility of the Cayley graph Cay(G, S) is 1 (see Lemma 28).
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